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Abstract 
This paper addresses the problem of synchronization of a chaotic fractional order economical system. Based on the 
stability theory of linear fractional order systems, Based on active control, a scheme for synchronization of the 
chaotic fractional order economical system is proposed. Meanwhile, synchronization of commensurate order 
economical system with order 0.90 is implemented and the corresponding numerical simulation results show the 
effectiveness of the proposed methods. 
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1. Main text
Fractional calculus dates from 17th century, but it is not applied to physics and engineering until 
recent decades [1]. A fractional order system, is characterized as a dynamical system described by 
fractional order derivatives and integrals. It has been found that fractional calculus provides a very 
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financial system, etc.  
suitable tool for the description of memory and hereditary properties of various materials and 
processes [2], Namely, many systems can be elegantly described with the help of fractional order 
systems. Nowadays, research on the complex dynamics of fractional order system has 
become a hot issue. It has been shown that many fractional order systems can display chaotic 
behaviors, such as fractional order Chua's system, fractional Lorenz system, fractional order Chen 
system, fractional order Rössler system, fractional order Liu system, fractional order Arneodo's 
systems, and fractional order 
Since the pioneering work of Pecora and Carroll [3], chaotic synchronization has been 
extensively and intensively studied in various theoretical frameworks and it was generally used in 
secure communication to develop safe and reliable cryptographic systems. In Ref. [4], Deng and Li 
first investigated the synchronization of fractional order chaotic systems, and since then, study on the 
synchronization of fractional order chaotic systems has attracted more and more attention from
many researchers due to its potential applications in secure communication and control processing. 
Synchronization of various fractional order chaotic systems has been elaborately studied, and 
meanwhile, a series of synchronization methodologies are developed, such as active control, sliding 
mode control, etc. 
The rest of this paper is organized as follows: In Section 2, basic definition in fractional calculus 
and a lemma to verify the stability of linear fractional order systems are presented. In Section 3, the 
active control based schemes is proposed to achieve synchronization of the chaotic fractional order 
economical system. Numerical simulations are performed in Section 4 to illustrate the effectiveness 
of the proposed method. Finally, some concluding remarks are reported in Section 5. 
2. Basic Definition and Preliminaries  
There are total three different definitions for fractional derivatives [1], that is, Riemann-Liouville, 
Grünwald-Letnikov and Caputo definitions. In pure mathematics, Riemann-Liouville derivative is more 
commonly used than Caputo derivative. However, as we all know, only the Caputo definition has the 
same form as integer-order differential equations in the initial conditions. And therefore, this paper is 
based on Caputo definition. 
Definition [1]: The Caputo fractional derivative of order α  of a continuous function :f R R+ →
is defined as follows 
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Lemma [5]: Autonomous system is asymptotically stable if and only if 0( ) , (0) ,tD x t Ax x x
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arg( ( ))
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A απλ > .
In this case, each component of the states decays toward 0 like t α− . Also, this system is stable if and 
only if arg( ( )) / 2Aλ απ≥  and those critical eigenvalues that satisfy arg( ( )) / 2Aλ απ= have 
geometric multiplicity one. 
3. The active control method 
In [6], Chen proposed a fractional order economical system 
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to describe the running of economical system. The three state variables , ,x y z stand for the interest 
rate, the investment demand, the price index, and the constant  is the saving amount,  is cost 
per investment,  is the elasticity of demand of the commercial markets, respectively. It is not 
difficult to see that all the three constants are nonnegative. It has been shown that system (1) will 
exhibit chaotic behavior when 
a b
c
0.85α ≥ and a=3, b=0.1, c=1 [6]. Fig. 1 shows its chaotic attractor 
when 0.9α = .
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Fig. 1. Chaotic attractor of fractional order economical system with 0.9α =
Suppose system (1) is the drive system, and the response system is chosen as 
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( ) ( 1,2,3)iu t i =  is the control function.  
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Define the error variables as 1 2 3, ,e x x e y y e z z= − = − = − ,  then the synchronized error system can 
be obtained as  
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Take the active control function as
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Obviously, according to equations (3)-(6), the value of H can satisfy all the roots 1 2 3, ,λ λ λ  of 
Jacobi matrix of equation (3) are -1. By the Lemma, the drive system and the response system can 
achieve chaotic synchronization. 
4. Numerical simulations 
In the simulations, the fractional order α  and the parameters are always choosen as 0.9α =  and 
0.9, 0.5, 1.5,θ β γ= = =
(0) 3, (0)x y= =
 respectively. The initial values of the drive system and the response system are 
taken as  and 0.5, (0) 1z = (0) 5, (0) 6, (0) 6.5,x y z= − = =  respectively. The time 
responses of the states of the drive and response systems are shown in Fig. 2. (a), (b), (c). From the 
figures it can be seen that synchronization between drive system (1) and response system (2) is achieved 
after a short time. Fig. 2. (d) shows the time response of synchronization errors. From Fig. 2. (d), 
 are asymptotically stable after a short transient with the effect of the control. ( ) ( 1,2,3)ie t i =
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5. Conclusions 
This paper studied the synchronization of a chaotic fractional order economical system. An active control 
based scheme is proposed in order to achieve the fast synchronization of the chaotic fractional order 
economical system and the corresponding numerical simulations are presented to show the effectiveness 
of the proposed scheme. 
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Fig. 2. The time response and the errors of the states of the drive and response system 
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